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Abstract
This paper describes a new multipurpose event generator, ESEPP, which has
been developed for the Monte Carlo simulation of unpolarized elastic scattering of
charged leptons on protons. The generator takes into account the lowest-order QED
radiative corrections to the Rosenbluth cross section including first-order brems-
strahlung without using the soft-photon or ultrarelativistic approximations. ESEPP
can be useful for several significant ongoing and planned experiments.
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1 Introduction and motivation
During the last decade, a renewed interest has been shown in elastic electron–proton
scattering and the proton’s electric and magnetic form factors, GE(q
2) and GM(q
2), in
the spacelike region, where q2 < 0. The main reason for this interest is that the recent
data [1–5] for the ratioGE/GM obtained with polarization methods disagree with the older
results for the proton form factors obtained with the Rosenbluth separation technique (see
the review [6]). The discrepancy between the two sets of data for the form factor ratio is
clearly seen in figure 1. In addition, there is a recently-observed contradiction between the
value of the proton charge radius extracted from the Lamb shift in muonic hydrogen [7, 8]
and the value measured using elastic electron–proton scattering and atomic hydrogen
spectroscopy [9–12].
This interest is the reason why several new experiments with unpolarized elastic
lepton–proton scattering are currently in preparation or have already been carried out
in recent years. First, we would like to mention the experiments aimed at studying the
two-photon exchange (TPE) effects in elastic scattering of electrons and positrons on pro-
tons. Unaccounted TPE corrections are considered to be the most likely cause of the
above-mentioned discrepancy between two methods of measuring the proton form factors
(see the review papers [13, 14]). The most direct way of studying the TPE effects is
by a precise comparison of the cross sections for elastic e−p and e+p scattering. Such
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Figure 1. Comparison of the experimental data for the ratio µGE/GM obtained by the
Rosenbluth separation method [15, 16] and polarization transfer method [1–5]. Here µ is
the magnetic moment of the proton. The curves correspond to the parametrizations of
the proton form factors by Kelly [17] (black dashed line) and Puckett [18] (red solid line).
measurements were recently carried out by the three collaborations: VEPP–3 at BINP
(Novosibirsk, Russia) [19, 20], OLYMPUS at DESY (Hamburg, Germany) [21, 22], and
CLAS at JLab (Newport News, VA, USA) [23, 24]. These three experiments have al-
ready finished data collection and are now in the analysis stage. An important part of
this stage is to accurately take into account the standard radiative corrections, especially
bremsstrahlung, because it leads to a difference between the cross sections of elastic e−p
and e+p scattering.
The size of the radiative corrections depends on the type of the detector used (magnetic
or non-magnetic), the detector acceptance, its spatial/angular and energy/momentum res-
olutions, and the kinematic cuts applied to select elastic scattering events. For this reason,
a careful account of the radiative corrections in each of these experiments requires a re-
alistic Monte Carlo simulation of the detector response, for example, using the Geant4
toolkit. This in turn requires an event generator which outputs kinematic parameters of
all final-state particles. We have developed such a generator and named it ESEPP (Elastic
Scattering of Electrons and Positrons on Protons). ESEPP takes into account the first-order
quantum electrodynamics (QED) radiative corrections to the Rosenbluth cross section of
unpolarized elastic scattering of charged leptons (e± or µ±) on protons. Weak interaction
effects are neglected in this study. Particular attention is paid to first-order bremsstrah-
lung, which we consider without using the soft-photon or ultrarelativistic approximations.
Note that throughout the paper we discuss only so-called internal bremsstrahlung, where
the photon is emitted during the act of hard lepton–proton scattering. One should also
remember about the processes accompanying the passage of the incident and outgoing
particles through the target and detector materials, the vacuum chamber, the air gaps,
etc.
ESEPP may also be useful for two upcoming experiments aimed at studying the proton
charge radius with elastic lepton–proton scattering: the E12-11-106 experiment [25, 26],
being prepared by the PRad collaboration at JLab, and the muon–proton scattering
experiment [27], proposed by the MUSE collaboration at PSI (Villigen, Switzerland).
There are two advantages of the generator making it suitable for these experiments. First,
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Figure 2. Feynman diagrams representing the elastic scattering of charged leptons on
protons in the leading and next-to-leading orders. (a) corresponds to the one-photon
exchange or first Born approximation. (b)–(e) show the first-order bremsstrahlung process
`±p → `±p γ in the cases when the photon is emitted by the initial-state lepton (b),
final-state lepton (c), initial-state proton (d), or final-state proton (e). (f)–(j) represent
the processes contributing to the virtual-photon corrections: the vacuum polarization
correction (f), the lepton (g) and proton (h) vertex corrections, and the TPE corrections
(i), (j).
ESEPP does not use the common approximation −q2  m2 (where m is the lepton mass) in
the calculation of first-order bremsstrahlung. Second, it implements an accurate (without
neglecting the lepton mass) calculation of the event kinematics, which is a necessary
requirement for the case of non-ultrarelativistic muons.
Outside of the study of proton form factors, ESEPP can be used for the Monte Carlo
simulation of the two proposed experiments [28–30] searching for a hypothetical light
gauge boson A′ interacting with charged particles via kinetic mixing with the photon. In
these experiments, elastic scattering of electrons or positrons on a hydrogen gas target is
used, and the process e±p→ e±p γ is one of the main sources of background events.
The remainder of this paper is organized as follows. Section 2 contains the theoretical
foundations needed to describe the elastic scattering of charged leptons on protons and the
first-order QED radiative corrections to this process. In section 3 we discuss the practical
aspects of using the generator to account for the standard radiative corrections in TPE
measurements. Section 4 describes the basic algorithm that is used in ESEPP to generate
events. Section 5 provides a summary. Finally, some technical details of the calculations
are given in appendices A and B.
2 Theoretical foundations
The values of the proton electromagnetic form factors can be determined from the Born
differential cross section dσBorn/dΩ` of unpolarized elastic lepton–proton scattering ob-
tained at fixed four-momentum transfer, but with different lepton scattering angles and
incident beam energies. This is the above-mentioned Rosenbluth method, based on the
one-photon exchange approximation (see diagram (a) in figure 2). It should be remem-
bered that any cross section measurement inevitably involves the contributions of higher-
order QED processes — the radiative corrections to the Born cross section. Taking into
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account the first-order QED radiative corrections, we can write the following schematic
expression for the cross section of charged leptons scattering on protons
σ(`±p) ∝ |MBorn|2 + 2 Re
[M†Born(Mvac +M`vert +Mpvert)]
+ 2 Re
[M†Born(Mbox +Mxbox)]+ ∣∣Mlibrems +Mlfbrems∣∣2 + ∣∣Mpibrems +Mpfbrems∣∣2
+ 2 Re
[(Mlibrems +Mlfbrems)†(Mpibrems +Mpfbrems)]+O(α4), (2.1)
where MBorn is the Born amplitude; Mvac is the vacuum polarization amplitude; M`vert
and Mpvert are the amplitudes related to the lepton and proton vertex corrections; Mbox
and Mxbox are the box and crossed-box TPE amplitudes; Mlibrems, Mlfbrems, Mpibrems, and
Mpfbrems are the first-order bremsstrahlung amplitudes in the cases when a photon is emit-
ted by the initial-state lepton, final-state lepton, initial-state proton, and final-state pro-
ton, respectively (see figure 2). The interference TPE term (the first term in the second
line of the above expression) and the interference bremsstrahlung term (the third line)
are charge-odd, i.e., they change sign depending on the sign of the lepton’s charge. All
other terms in (2.1) are charge-even.
It is important to understand that all the above-mentioned amplitudes, exceptMBorn
and Mvac, contain infrared-divergent terms (tending to infinity in the limit of very soft,
or ‘infrared’, photons). These are canceled out completely in the sum (2.1), which is
therefore finite. More precisely, there are the following cancellations of the infrared diver-
gences (see section 2.5 for details): between the lepton vertex correction and the lepton
bremsstrahlung correction; between the proton vertex correction and the proton brems-
strahlung correction; between the TPE correction and the correction due to interference
of the lepton and proton bremsstrahlung.
It is convenient to separate the amplitudeM2γ =Mbox +Mxbox into ‘soft’ and ‘hard’
parts, such that M2γ = Msoft2γ +Mhard2γ . The label ‘soft’ implies the assumption that at
least one virtual photon is soft. The soft part of this amplitude is independent of the
proton structure, while the hard part is highly model-dependent. Infrared divergences
are completely contained in the soft part, but it is important to remember that such a
decomposition into soft and hard parts is not unique. The standard radiative corrections
take into account only the soft part of the TPE amplitude, and the hard part is usually
assumed to be negligible. The situation is complicated by the fact that the hard TPE
corrections are difficult to calculate due to the presence of excited intermediate proton
states. This is the reason why the hard TPE effects are investigated in the dedicated
experiments [19–24] (see section 3).
The processes discussed above can be taken into account by introducing a correction δ
to the Born cross section, defined as
dσmeas
dΩ`
= (1 + δ)
dσBorn
dΩ`
, (2.2)
where dσmeas/dΩ` is the experimentally measured differential cross section. The quantity δ
includes both the corrections due to the emission of a real bremsstrahlung photon and
the virtual-photon corrections (see figure 2). However, corrections of both these types are
infrared-divergent, so that only the total correction δ can be defined uniquely. The only
exception is the vacuum polarization correction δvac, which is finite and therefore can be
determined individually.
As it has been mentioned already, the size of the radiative corrections depends not
only on the kinematics of elastic scattering (defined, for example, by the beam energy E`
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Calculation 1 + δ+ eδ
+
1 + δ− eδ
− 1+δ+
1+δ− e
δ+−δ−
Mo and Tsai 0.9993 0.9993 0.9794 0.9796 1.0203 1.0201
Maximon and Tjon 1.0001 1.0001 0.9725 0.9729 1.0283 1.0279
Table 1. Values of the radiative corrections for the illustrative example with E` = 1 GeV,
−q2 = 1 GeV2, and ∆E = 0.1 GeV.
and the lepton scattering angle θ`), but also on the certain experimental conditions and
cuts used to select elastic scattering events. Therefore, a realistic Monte Carlo simu-
lation is required to carefully take into account the radiative corrections in the general
case. However, the situation is simpler in the particular case of single-arm (inclusive)
experiments, when only the scattered lepton is detected, typically using a magnetic spec-
trometer. In such a case, the procedure to select elastic scattering events can be described
by the single parameter ∆E, which is the maximum allowable energy loss of the scattered
lepton due to inelastic processes. This parameter means that the energy of the lepton,
detected at the certain angle θ`, should be in the range from E
elas
` −∆E to Eelas` , where
Eelas` ≈ME`/ [M + E`(1− cos θ`)] is the elastic peak energy and M is the proton mass.
Even in this simple case, we should remember that the angular and energy resolutions
of any realistic detector are limited. The situation is much more complicated in the case
of coincidence (exclusive) experiments, when both the scattered lepton and recoil proton
are detected. It is then impossible to describe all the experimental conditions and cuts
by a single parameter, making a careful Monte Carlo simulation necessary.
Let us mention some notable publications devoted to the radiative corrections to elas-
tic electron–proton scattering. Mo and Tsai provided in their papers [31, 32] the stan-
dard prescription for radiative corrections used for several decades in most single-arm
experiments. Relatively recently, Maximon and Tjon published a paper [33] revising this
approach and removing many of the mathematical and physical approximations used by
Mo and Tsai. The work [34] adapts the formulas obtained by Mo and Tsai to the case of
coincidence experiments and discusses the impact of higher-order bremsstrahlung effects.
Note that there are several other approaches to the radiative corrections for e−p scattering
(see [35–39], for example), but their discussion is beyond the scope of this paper.
Since we restrict ourselves to considering bremsstrahlung of the first order only, let us
briefly examine the accuracy of this approximation. As shown by Yennie, Frautschi, and
Suura [40], the emission of soft bremsstrahlung photons can be summed up to all orders
in α via exponentiation of δ
dσmeas
dΩ`
= exp (δ)
dσBorn
dΩ`
. (2.3)
This exponentiation procedure is incompatible with our approach, but we can use the for-
mula (2.3) to make a rough estimation of the contribution of higher-order bremsstrahlung.
To do this, we choose the following numerical parameters approximately corresponding
to the Novosibirsk TPE experiment: E` = 1 GeV, −q2 = 1 GeV2, and ∆E = 0.1 GeV.
Further, we use the formula (II.6) by Mo and Tsai [32] and the formula (5.2) by Maximon
and Tjon [33] to calculate the radiative corrections δ+ and δ− for the cases of e+p and
e−p scattering. The obtained numerical values are shown in table 1. Note that in the
formula (5.2) of Maximon and Tjon we have neglected the term δ
(1)
el related to the model-
dependent part of the amplitude Mpvert. As can be seen from table 1, in the case of e−p
scattering using the formula (2.2) instead of (2.3) leads to a relative error in the extracted
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Born cross section of 0.02% according to Mo and Tsai and 0.04% according to Maximon
and Tjon. These errors are even smaller in the case of e+p scattering. It is important to
note that using the calculation of Mo and Tsai instead of the more accurate calculation of
Maximon and Tjon leads to a relative error of about 0.7% in the cross section dσBorn/dΩ`
for our example of e−p scattering. This error is much more significant than the error
caused by neglecting higher-order bremsstrahlung. Finally, if we are interested in the
ratio R = σ(e+p)/σ(e−p) of the e+p and e−p elastic scattering cross sections, then the
replacement of the radiative correction factor (1 + δ+)/(1 + δ−) with the exponentiated
one changes the extracted value of R by 0.02% and 0.04% according to [32] and [33],
respectively. Such corrections are negligible for the Novosibirsk TPE experiment.
Nevertheless, accounting for higher-order bremsstrahlung may be significant for some
precise measurements. In particular, it becomes more important with decreasing ∆E. It
is possible, but not straightforward, to further improve the described approach by taking
into account the second-order bremsstrahlung process `±p→ `±p γ γ (see [36] also).
In the end of this introductory part, let us note that we use the system of units in which
~ = c = 1 and α = e2/4pi ≈ 1/137.036. With this choice of units, all energies, momenta,
and masses of elementary particles are expressed in GeV and scattering cross sections in
GeV−2 (1 GeV−2 ≈ 389 microbarn). We use the metric such that pi · pj = EiEj − pi · pj.
We consider only the laboratory frame, where the target proton is at rest. As usual,
Feynman slash notation /p represents pµγ
µ. For convenience, let us give here a list of some
basic notations which we use throughout the paper:
q2 — four-momentum transfer squared in the case of purely elastic scattering;
m, M — masses of the charged lepton (electron or muon) and the proton;
µ — magnetic moment of the proton (µ ≈ 2.7928 in nuclear magnetons);
GE, GM — electric and magnetic Sachs form factors of the proton;
F1, F2 — Dirac and Pauli form factors of the proton;
E`, E
′
` — full energies of the incident and scattered lepton;
Ep — full energy of the recoil proton;
Eγ — energy of the bremsstrahlung photon;
θ`, ϕ` — polar and azimuthal angles of the scattered lepton;
θp, ϕp — polar and azimuthal angles of the recoil proton;
θγ, ϕγ — polar and azimuthal angles of the bremsstrahlung photon;
`, ` — four- and three-momenta of the incident lepton (|`|2 = E2` −m2);
`′, `′ — four- and three-momenta of the scattered lepton (|`′|2 = E ′`2 −m2);
p — four-momentum of the target proton;
p′, p′ — four- and three-momenta of the recoil proton (|p′|2 = E2p −M2);
k, k — four- and three-momenta of the bremsstrahlung photon.
2.1 Elastic scattering of charged leptons on protons
In the case of one-photon exchange (or in the first Born approximation) and assuming
that −q2  m2, the differential cross section for unpolarized elastic scattering of charged
leptons on protons is given by the well-known Rosenbluth formula [41]
dσBorn
dΩ`
=
1
ε(1 + τ)
[
εG2E(q
2) + τ G2M(q
2)
] dσMott
dΩ`
, (2.4)
where τ = −q2/(4M2); ε = [1 + 2(1 + τ) tan2 (θ`/2)]−1 is a convenient dimensionless vari-
able, lying in the range 0 < ε < 1 and describing the separation between the longitudinal
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(charge) and transverse (magnetic) parts of the cross section; dσMott/dΩ` is the Mott
differential cross section including the proton recoil. Let us recall that the Mott cross
section describes the scattering of charged leptons on spinless point charged particles and
is expressed as
dσMott
dΩ`
=
α2
4E2`
cos2 (θ`/2)
sin4 (θ`/2)
E ′`
E`
. (2.5)
It is important to mention that in the general case, when the lepton mass m is not
negligible, the Rosenbluth formula (2.4) is still valid provided that one uses the following
expressions for ε and dσMott/dΩ` (see [42], for example):
ε˜ =
[
1− 2(1 + τ) q
2 + 2m2
4E`E ′` + q2
]−1
, (2.6)
dσMott
dΩ`
=
α2
4E2`
1 + q2/(4E`E
′
`)
q4/(4E`E ′`)2
1
d
M(E ′`
2 −m2)
ME`E ′` +m2(E
′
` − E` −M)
, (2.7)
where
q2 = 2M(E ′` − E`), d =
E ′`
E`
|`|
|`′| . (2.8)
Note that the values of ε˜ larger than unity are possible (which is why we have marked
this new variable with a tilde). For example, it is easily seen that in the limit −q2 → 0
the formula (2.6) gives ε˜ = E2` /(E
2
` −m2) > 1. If the lepton mass m is negligible, then
the new variable ε˜ coincides with the usual ε.
To generate events according to the Rosenbluth formula (2.4) we need to use a certain
parametrization of the proton form factors. The simplest possibility is to use the dipole
parametrization
GE(q
2) = GD(q
2), GM(q
2) = µGD(q
2), GD(q
2) =
(
1− q
2
Λ2
)−2
, (2.9)
where Λ2 = 0.71 GeV2. In particular, in the static limit with q2 = 0 we have GE(0) = 1
and GM(0) = µ. We will also use the Dirac and Pauli form factors, F1 and F2, which are
expressed in terms of the Sachs form factors, GE and GM , as
F1(q
2) =
GE(q
2) + τ GM(q
2)
1 + τ
, F2(q
2) =
GM(q
2)−GE(q2)
1 + τ
. (2.10)
Kelly proposed [17] a more general parametrization of the proton form factors which
is given by the ratio of a polynomial of order n to a polynomial of order n+ 2 in τ :
GE(q
2) = G1(q
2), GM(q
2) = µG2(q
2), Gi(q
2) =
∑n
k=0 aikτ
k
1 +
∑n+2
k=1 bikτ
k
, (2.11)
where i = 1, 2 and we should fix the coefficients ai0 = 1 to get the correct values for GE(0)
and GM(0). For high values of the four-momentum transfer, the parametrization (2.11)
has the behavior Gi ∝ q−4 expected from dimensional scaling laws in perturbative quan-
tum chromodynamics.
In the simplest possible case of n = 0, the parametrization (2.11) is exactly the same
as the dipole parametrization (2.9) after choosing bi1 = 8M
2/Λ2 and bi2 = 16M
4/Λ4. In
the next simplest case of n = 1, G1(q
2) and G2(q
2) from (2.11) become
G1(q
2) =
1 + a11τ
1 + b11τ + b12τ 2 + b13τ 3
, G2(q
2) =
1 + a21τ
1 + b21τ + b22τ 2 + b23τ 3
. (2.12)
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Parametri- GE GM/µ
zation a11 b11 b12 b13 a21 b21 b22 b23
Dipole 0 9.92 24.6 0 0 9.92 24.6 0
Kelly [17] −0.24 10.98 12.82 21.97 0.12 10.97 18.86 6.55
Puckett [18] −0.299 11.11 14.11 15.7 0.081 11.15 18.45 5.31
Table 2. Coefficients ai1 and bik for the discussed form factor parametrizations.
It was shown in the original paper [17] that the parametrization (2.12) provides reason-
ably good fits to the existing data for the proton form factors including those obtained in
the polarization transfer measurements. Using the same parametrization, Puckett recently
carried out a global fit [18] taking into account the data of the GEp-III experiment [5]
at JLab. Numerical values of the coefficients ai1, bi1, bi2, and bi3 obtained by Kelly and
Puckett are given in table 2. Figure 1 shows that both of these fits are good at describing
the polarization transfer data for µGE/GM .
2.2 Kinematics of the process `±p→ `±p γ
In this section we consider the kinematics of lepton–proton scattering accompanied by
the emission of a single bremsstrahlung photon. Conservation of the four-momentum in
this process gives
`+ p = `′ + p′ + k. (2.13)
We choose our coordinate system such that the z axis is directed along the momentum
of the incident lepton and the lepton scatters in the xz plane (ϕ` ≡ 0). Then the four-
momenta of the particles involved in the process can be written as follows:
` = (E`, `) = (E`, 0, 0, |`|) , (2.14)
p = (M, 0) = (M, 0, 0, 0) , (2.15)
`′ = (E ′`, `
′) = (E ′`, |`′| sin θ`, 0, |`′| cos θ`) , (2.16)
p′ = (Ep, p′) = (Ep, |p′| sin θp cosϕp, |p′| sin θp sinϕp, |p′| cos θp) , (2.17)
k = (Eγ, k) = (Eγ, Eγ sin θγ cosϕγ, Eγ sin θγ sinϕγ, Eγ cos θγ) . (2.18)
The full energy of the incident lepton, E`, is assumed to be known. Then, all the
kinematic parameters of the final-state particles can be expressed in terms of the variables
θ`, Eγ, θγ, and ϕγ. In particular, the identity (`+ p− `′ − k)2 = (p′)2 = M2 leads to the
following equation for the variable E ′`:
A
√
E ′`
2 −m2 = BE ′` + C, (2.19)
where the coefficients A, B, and C are
A = |`| cos θ` − Eγ cosψ, (2.20)
cosψ = cos θ` cos θγ + sin θ` sin θγ cosϕγ, (2.21)
B = E` +M − Eγ, (2.22)
C = Eγ (E` +M − |`| cos θγ)−ME` −m2. (2.23)
In order to find a solution to (2.19), we need to square both sides of this expression.
The two roots of the resulting quadratic equation are given by the formula
E ′` =
BC ± A√m2(A2 −B2) + C2
A2 −B2 . (2.24)
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In most cases, only the sign ‘−’ in (2.24) provides a physical solution. However, in some
kinematic region both roots (2.24) can be physical. It should always be checked that
the calculated values of E ′` satisfy the initial equation (2.19). The two other criteria of a
physical solution that must be satisfied are
Eγ <
M(E` −m)
M + E` − |`| cos θγ , m < E
′
` < E` − Eγ. (2.25)
If the lepton mass can be neglected (m  E`, E ′`), the value of the scattered lepton
energy is unique and given by the simple formula
E ′` =
C
A−B =
M (E` − Eγ)− E`Eγ (1− cos θγ)
M + E` (1− cos θ`)− Eγ (1− cosψ) . (2.26)
Another important special case is purely elastic scattering, when there is no bremsstrah-
lung photon. In this case, the value of E ′` is also defined uniquely
E ′` =
(E` +M) (ME` +m
2) +
√
M2 −m2 sin2 θ` |`|2 cos θ`
(E` +M)
2 − |`|2 cos2 θ`
. (2.27)
As soon as the value of E ′` is found, we know all the components of the four-momenta
`, p, `′, and k. Then, the four-momentum p′ can be easily calculated as p′ = `+p− `′−k.
2.3 Differential cross section of the process `±p → `±p γ in the
soft-photon approximation
In the soft-photon approximation, which is valid when Eγ  E`, E ′`, the differential cross
section of the process `±p→ `±p γ is expressed through the Born cross section dσBorn/dΩ`
by the following simple formula (see [31, 34], for example):
dσbrems
dEγ dΩγ dΩ`
= E2γ
dσbrems
dΩ` d3k
= −αEγ
4pi2
[
z
`
k · ` − z
`′
k · `′ +
p
k · p −
p′
k · p′
]2
dσBorn
dΩ`
, (2.28)
where one should choose the sign z = −1 for the case of negatively charged leptons
(e− or µ−) and the sign z = +1 for the case of positively charged leptons (e+ or µ+).
Using this formula, we can perform calculations in several different ways.
In the simplest case, we can assume that emission of a soft photon does not violate
the elastic kinematics of the scattering process. This leads to two consequences: first, we
assume that the factor dσBorn/dΩ` in (2.28) is the purely elastic cross section determined
only by the incident lepton energy E` and the scattering angle θ`; secondly, we use the
actual value of the photon four-momentum k, but the elastic (unradiated) values of the
fermion four-momenta `′ and p′. We will refer to this approximation as the primary soft-
photon approximation. It is natural and its use greatly simplifies the analytical integration
of the cross-section (2.28), as will be shown below.
It is instructive, however, to consider other ways to perform calculations using the
formula (2.28). For example, we can use the actual (kinematically correct) values of the
four-momenta `′ and p′ to calculate the factor in the square brackets. Let us call this
approach the modified soft-photon approximation. In addition to this, we can modify the
cross section dσBorn/dΩ` if we calculate it using the usual formula (2.4), but assuming
that the value of q2 is given now by (2.42). This value of the four-momentum transfer
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Figure 3. Different predictions for the radiative tail. The kinematics are defined here
by the incident electron energy, E` = 1 GeV, and the scattering angle, θ` = 70
◦. The
elastic peak is located on the right side. The points are simulated using ESEPP with three
different models for bremsstrahlung: the accurate QED calculation (red circles), as well as
the improved (blue squares) and modified (black triangles) soft-photon approximations.
The green curve represents a theoretical prediction according to [32, 33].
corresponds to emission of a bremsstrahlung photon either by the incident or the scat-
tered lepton, but not by the proton. It is a reasonable assumption, since the proton
bremsstrahlung is usually suppressed in comparison with the lepton bremsstrahlung. We
will refer to the approach we have described as the improved soft-photon approximation.
The adjective ‘improved’ is rather arbitrary here, and we use it because this approach
allows us to better reproduce the shape of the radiative tail in the case of relatively hard
bremsstrahlung (see figure 3). Let us explain what we mean.
If the incident lepton loses energy due to emission of a hard photon then the probability
for this lepton to be scattered by the proton increases. This phenomenon (noted in [32], for
example) can lead to the growth of the cross section with increasing energy of the emitted
photon or, equivalently, to the rising of the radiative tail. The improved soft-photon
approximation reproduces this effect to some extent, while the other two considered soft-
photon approaches ignore it. A more accurate consideration of first-order bremsstrahlung
beyond the soft-photon approximation is described in section 2.4.
A quantitative comparison of the mentioned accurate calculation with the improved
and modified soft-photon approximations can be found in figure 3, which shows differ-
ent predictions for the cross section dσ/(dΩ` dE
′
`) as a function of the scattered electron
energy for certain kinematics. The points in figure 3 were obtained in a Monte Carlo sim-
ulation using ESEPP. A corresponding theoretical prediction can be made using a formula
for δ(∆E) and the relationship between ∆E and E ′`. It is remarkable that the expres-
sions (II.6) from [32] and (5.2) from [33] give exactly the same shape for the radiative
tail (see the green curve). Two conclusions can be drawn from figure 3. First, the im-
proved soft-photon approximation is, indeed, closer to the accurate calculation, while the
modified soft-photon approximation is closer to the analytical prediction. Second, all the
predictions are in good agreement with each other in the vicinity of the elastic peak.
We also need to know the differential cross section of the process `±p→ `±p γ in the
case when the energy of the emitted photon is limited to a certain cut-off value Ecutγ .
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More precisely, we want to know the differential cross section dσbrems/dΩ` obtained from
the cross section (2.28) by integration over all directions of the emitted photon and over
its energy in the range Eγ < E
cut
γ . In the primary soft-photon approximation, the desired
cross section is given by the expression
dσbrems
dΩ`
∣∣∣∣
Eγ<Ecutγ
=
−α
4pi2
dσBorn
dΩ`
∫
Eγ<Ecutγ
d3k
Eγ
[
z
`
k · ` − z
`′
k · `′ +
p
k · p −
p′
k · p′
]2
= −2α dσBorn
dΩ`
∑
i,j
Θ(pi)Θ(pj)B
(
pi, pj, E
cut
γ
)
, (2.29)
where
B
(
pi, pj, E
cut
γ
)
=
1
8pi2
∫
Eγ<Ecutγ
d3k√|k|2 + λ2 pi · pj(k · pi)(k · pj) . (2.30)
Here, i, j = 1, 2, 3, 4 and the four-momenta p1, p2, p3, p4 denote `, `
′, p, p′, respec-
tively. The notation Θ(pi) simply indicates the sign: Θ(`) = z, Θ(`
′) = −z, Θ(p) = 1,
and Θ(p′) = −1. It has been assumed that the photon has a small fictitious mass λ, which
is necessary to make the integral (2.30) convergent. The introduction of the parameter λ
is the standard method of regularization of the infrared divergences.
The calculation of B
(
pi, pj, E
cut
γ
)
is described in detail in appendix A. We present here
only the final result (note that similar expression in [34] contains several misprints):
B
(
pi, pj, E
cut
γ
)
=
pi · pj
4pi
1∫
0
dx
p2x
(
ln
4
(
Ecutγ
)2
p2x
+
p0x
|px| ln
p0x − |px|
p0x + |px|
+ ln
p2x
λ2
)
, (2.31)
where we have introduced the four-momentum px defined as
px =
(
p0x, px
)
= xpi + (1− x)pj. (2.32)
The integral (2.31) is divergent in the limit λ→ 0. Separating the divergent term, we
can introduce the notation
B˜
(
pi, pj, E
cut
γ
)
= B
(
pi, pj, E
cut
γ
)− 1
4pi
K(pi, pj)
=
pi · pj
4pi
1∫
0
dx
p2x
(
ln
4
(
Ecutγ
)2
p2x
+
p0x
|px| ln
p0x − |px|
p0x + |px|
)
, (2.33)
where
K(pi, pj) = (pi · pj)
1∫
0
dx
p2x
ln
p2x
λ2
(2.34)
and, in particular,
K(pi, pi) = ln
m2i
λ2
. (2.35)
The value of B˜
(
pi, pj, E
cut
γ
)
is finite and can be calculated using the formula (2.33), if
the four-momenta pi, pj and the cut-off energy E
cut
γ are known. Integration with respect
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to x can be easily carried out numerically. Note that in the case of pi = pj this integration
is trivial and can be done analytically
B˜
(
pi, pi, E
cut
γ
)
=
1
2pi
(
ln
2Ecutγ
mi
+
Ei√
E2i −m2i
ln
mi
Ei +
√
E2i −m2i
)
. (2.36)
However, the formula (2.36) does not apply directly to the case of pi = pj = p, since the
indeterminate form of type 0/0 appears. In this case, the correct expression, obtained by
applying the l’Hoˆpital’s rule to the second term in (2.36), is
B˜
(
p, p, Ecutγ
)
=
1
2pi
(
ln
2Ecutγ
M
− 1
)
. (2.37)
For further convenience, let us write the expression (2.29) explicitly
dσbrems
dΩ`
∣∣∣∣
Eγ<Ecutγ
= −2α
[
B˜
(
`, `, Ecutγ
)− 2B˜(`, `′, Ecutγ )+ B˜(`′, `′, Ecutγ )+ 2zB˜(`, p, Ecutγ )
− 2zB˜(`, p′, Ecutγ )− 2zB˜(`′, p, Ecutγ )+ 2zB˜(`′, p′, Ecutγ )+ B˜(p, p, Ecutγ )− 2B˜(p, p′, Ecutγ )
+ B˜
(
p′, p′, Ecutγ
)
+
1
2pi
ln
m2
λ2
+
1
2pi
ln
M2
λ2
− 1
2pi
K(`, `′) +
z
2pi
K(`, p)− z
2pi
K(`, p′)
− z
2pi
K(`′, p) +
z
2pi
K(`′, p′)− 1
2pi
K(p, p′)
] dσBorn
dΩ`
. (2.38)
We will show in section 2.5 that all the divergent terms in (2.38) are canceled exactly
with the corresponding terms arising from the virtual-photon radiative corrections.
2.4 Differential cross section of the process `±p → `±p γ beyond
the soft-photon and ultrarelativistic approximations
The differential cross section of the process `±p → `±p γ is expressed in terms of its
squared amplitude, |Mbrems|2, as follows (see appendix B for details):
dσbrems
dEγ dΩγ dΩ`
=
1
(4pi)5
1
M |`|
∑
E′`
Eγ |`′|2 |Mbrems|2∣∣AE ′` −B|`′|∣∣ , (2.39)
where
|Mbrems|2 =
∣∣M`brems∣∣2 + ∣∣Mpbrems∣∣2 + 2 Re (M`†bremsMpbrems) (2.40)
and the summation should be performed over two values of E ′` in the case when both
roots in (2.24) are physical. The squared amplitude |Mbrems|2 is written in (2.40) as the
sum of three terms: the lepton term,
∣∣M`brems∣∣2 = ∣∣Mlibrems +Mlfbrems∣∣2, corresponding
to the case when the lepton emits a photon before or after scattering; the proton term,∣∣Mpbrems∣∣2 = ∣∣Mpibrems +Mpfbrems∣∣2, corresponding to the case when the proton emits a
photon before or after scattering; and the interference term, 2 Re
(M`†bremsMpbrems). Since
we consider unpolarized scattering, these terms are averaged over the polarizations of the
initial particles and summed over the polarizations of the final particles. Let us emphasize
that the formula (2.39) is obtained without neglecting the lepton mass m (i.e., without
using the ultrarelativistic approximation).
To calculate the lepton, proton, and interference terms in the framework of QED, we
need to consider the Feynman diagrams (b)–(e) shown in figure 2. We assume that the
12
intermediate hadronic states arising in the diagrams (d), (e) are the virtual-proton ones
and that the vertices of the photon–proton interaction are described by the on-shell vertex
operator Γµ both for the virtual and real (bremsstrahlung) photons. It is known that in
the general case the vertex of the interaction of an off-shell proton with a photon can be
characterized by six invariant functions (see [43] and references therein). However, in the
case when incoming (with four-momentum p1) and outgoing (with four-momentum p2)
protons are on the mass shell (so that p21 = p
2
2 = M
2), this vertex is described by the
operator Γµ, defined as
Γµ = F1(q
2) γµ +
F2(q
2)
2M
iσµνqν , (2.41)
where σµν = 1
2
i[γµ, γν ] and q = p2 − p1. Assuming the vertex operator (2.41), we can
easily calculate the desired amplitudes without using the soft-photon and ultrarelativistic
approximations. We refer to this calculation as the accurate QED calculation in the sense
that it is beyond the indicated approximations.
One should perform contractions of the lepton and proton tensors provided below
to express the lepton, proton, and interference terms (2.40) through the scalar products
pi ·pj of the four-momenta `, `′, p, p′, and k. We used the FeynCalc package [44] designed
for Mathematica to perform these contractions (details of the calculations can be found
in [45]). For convenience, we introduce the following notation:
q21 =
(
p′ − p)2 = 2M(E ′` − E` + Eγ), (2.42)
q22 =
(
`− `′)2 = 2|`||`′| cos θ` − 2E`E ′` + 2m2, (2.43)
P = p+ p′, P+ = P + k, P− = P − k, (2.44)
where q21 and q
2
2 are the squares of the four-momenta transferred to the proton in the
cases when the photon was emitted by the lepton and proton, respectively. Note that
q21 = q
2
2 = q
2 in the limit when Eγ = 0.
The lepton term is calculated as
∣∣M`brems∣∣2 = e6q41 (L1µν + L2µν)Pµν , (2.45)
where
L1µν = 1
2
tr
[(
/`′ +m
)
γα
/`′ + /k +m
2(k · `′) γµ
(
/`+m
)
γα
/`− /k +m
2(k · `) γν
]
− 1
2
tr
[(
/`′ +m
)
γα
/`′ + /k +m
2(k · `′) γµ
(
/`+m
)
γν
/`′ + /k +m
2(k · `′) γα
]
, (2.46)
Pµν = 1
2
tr
[(
/p+M
){(
F1(q
2
1) + F2(q
2
1)
)
γν − F2(q
2
1)
2M
P ν
}
(
/p
′ +M
){(
F1(q
2
1) + F2(q
2
1)
)
γµ − F2(q
2
1)
2M
P µ
}]
, (2.47)
and an expression for the lepton tensor L2µν is obtained from the expression (2.46) for L1µν
after changing `↔ −`′. The proton term is given by the formula
∣∣Mpbrems∣∣2 = e6q42 Lµν(Pµν1 + Pµν2 ), (2.48)
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where
Lµν = 1
2
tr
[(
/`+m
)
γν
(
/`′ +m
)
γµ
]
, (2.49)
Pµν1 =
1
2
tr
[(
/p
′ +M
){(
F1(0) + F2(0)
)
γα
− F2(0)
2M
[(
2p′ + k
)α − γα(/p′ + /k −M)]}/p′ + /k +M
2(k · p′){(
F1(q
2
2) + F2(q
2
2)
)
γµ − F2(q
2
2)
2M
[
P µ+ −
(
/p
′ + /k −M)γµ]}(/p+M){(
F1(0) + F2(0)
)
γα − F2(0)
2M
[(
2p− k)α − γα(/p− /k −M)]}/p− /k +M
2(k · p){(
F1(q
2
2) + F2(q
2
2)
)
γν − F2(q
2
2)
2M
[
P ν− −
(
/p− /k −M
)
γν
]}]
− 1
2
tr
[(
/p
′ +M
){(
F1(0) + F2(0)
)
γα
− F2(0)
2M
[(
2p′ + k
)α − γα(/p′ + /k −M)]}/p′ + /k +M
2(k · p′){(
F1(q
2
2) + F2(q
2
2)
)
γµ − F2(q
2
2)
2M
[
P µ+ −
(
/p
′ + /k −M)γµ]}(/p+M){(
F1(q
2
2) + F2(q
2
2)
)
γν − F2(q
2
2)
2M
[
P ν+ − γν
(
/p
′ + /k −M)]}/p′ + /k +M
2(k · p′){(
F1(0) + F2(0)
)
γα − F2(0)
2M
[(
2p′ + k
)α − (/p′ + /k −M)γα]}], (2.50)
and an expression for the proton tensor Pµν2 is obtained from the expression (2.50) for Pµν1
after changing p↔ −p′.
Finally, the interference term can be calculated using the formula
2 Re
(M`†bremsMpbrems) = −z e6q21q22
(
1
k · `′ L
α
1µν +
1
k · ` L
α
2µν
)(Pµν1α − Pµν2α), (2.51)
where
Lα1µν =
1
2
tr
[(
/`′ +m
)
γα
(
/`′ + /k +m
)
γµ
(
/`+m
)
γν
]
, (2.52)
Pµν1α =
1
2
tr
[(
/p
′ +M
){(
F1(q
2
1) + F2(q
2
1)
)
γµ − F2(q
2
1)
2M
P µ
}(
/p+M
)
{(
F1(q
2
2) + F2(q
2
2)
)
γν − F2(q
2
2)
2M
[
P ν+ − γν
(
/p
′ + /k −M)]}/p′ + /k +M
2(k · p′){(
F1(0) + F2(0)
)
γα − F2(0)
2M
[(
2p′ + k
)
α
− (/p′ + /k −M)γα]}], (2.53)
and expressions for the lepton Lα2µν and proton Pµν2α tensors are obtained from the expres-
sions (2.52) for Lα1µν and (2.53) for Pµν1α after changing `↔ −`′ and p↔ −p′, respectively.
2.5 Virtual-photon radiative corrections and cancellation of the
infrared divergences
Let us start with the standard approach of Mo and Tsai [31, 32] to the virtual-photon
radiative corrections (using the on-shell renormalization scheme). Assuming −q2  m2,
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all considered amplitudes are expressed through the Born amplitude MBorn as follows:
Mevac =
α
3pi
[
−5
3
+ ln
−q2
m2e
]
MBorn, (2.54)
M`vert = −
α
2pi
[
K(`, `′)−K(`, `)− 3
2
ln
−q2
m2
+ 2
]
MBorn, (2.55)
Mpvert = −
α
2pi
[
K(p, p′)−K(p, p)]MBorn, (2.56)
MMTsbox = z
α
2pi
[
K(`,−p) +K(`′,−p′)]MBorn, (2.57)
MMTsxbox = −z
α
2pi
[
K(`′, p) +K(`, p′)
]MBorn, (2.58)
where the amplitude Mevac describes the contribution of electron–positron loops to the
vacuum polarization and the infrared-divergent terms K(pi, pj) have the form (2.34).
The term K(`, `) in (2.55) was introduced by the renormalization of the amplitudeM`vert
and represents the infrared term of the electromagnetic lepton self-energy. Similarly, the
term K(p, p) in (2.56) represents the proton self-energy.
The terms K(`,−p) and K(`′,−p′) in (2.57) are complex, but only their real parts
contribute to the cross section. For this reason, Mo and Tsai resorted to the following
simplification of these terms:
ReK(`,−p) ≈ K(`, p), ReK(`′,−p′) ≈ K(`′, p′), (2.59)
which implies
MMTsbox ≈ z
α
2pi
[
K(`, p) +K(`′, p′)
]MBorn. (2.60)
The squared amplitude for purely elastic scattering, |Melast|2, can be written as
|Melast|2 = |MBorn|2 +
∑
i
2 Re
(M†BornMi)+O(α4), (2.61)
where the summation is over the amplitudes Mevac, M`vert, Mpvert, MMTsbox , and MMTsxbox, so
one obtains the following formula for the differential cross section dσelast/dΩ`:
dσelast
dΩ`
=
{
1 +
2α
3pi
[
−5
3
+ ln
−q2
m2e
]
+
α
pi
[3
2
ln
−q2
m2
− 2
]
+
α
pi
[
−K(`, `′) + ln m
2
λ2
−K(p, p′) + ln M
2
λ2
+ zK(`, p) + zK(`′, p′)− zK(`′, p)− zK(`, p′)
]} dσBorn
dΩ`
. (2.62)
The cross sections for both purely elastic scattering (2.62) and scattering involving
emission of a photon with the energy Eγ < E
cut
γ (2.38) contain infrared-divergent terms.
However, the sum of these cross sections is finite, and only this sum has the physical
meaning:
dσelast
dΩ`
+
dσbrems
dΩ`
∣∣∣∣
Eγ<Ecutγ
=
(
1 + δvirt + δbrems
) dσBorn
dΩ`
, (2.63)
where
δvirt = δ
e
vac + δvert, (2.64)
δbrems = δ
``
brems + δ
pp
brems + δ
`p
brems, (2.65)
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δevac =
2α
3pi
(
−5
3
+ ln
−q2
m2e
)
, (2.66)
δvert =
α
pi
(
3
2
ln
−q2
m2
− 2
)
, (2.67)
δ``brems = −2α
[
B˜
(
`, `, Ecutγ
)− 2B˜(`, `′, Ecutγ )+ B˜(`′, `′, Ecutγ )] , (2.68)
δppbrems = −2α
[
B˜
(
p, p, Ecutγ
)− 2B˜(p, p′, Ecutγ )+ B˜(p′, p′, Ecutγ )] , (2.69)
δ`pbrems = −4zα
[
B˜
(
`, p, Ecutγ
)− B˜(`, p′, Ecutγ )− B˜(`′, p, Ecutγ )+ B˜(`′, p′, Ecutγ )] . (2.70)
Though the sum δvirt + δbrems is defined uniquely, δvirt and δbrems individually are not
because they are dependent on the procedure for divergence cancellation. The only ex-
ception is the correction δevac, which is not infrared-divergent. For convenience, we have
excluded the infrared-divergent terms in the formulas for δvirt and δbrems, since all these
terms finally disappear in (2.63).
The expressions for the virtual-photon radiative corrections given above can be further
refined. For example, the contributions of the electron, muon, and tau-lepton loops to
the vacuum polarization are described by the general formula [46]
δe, µ, τvac =
2α
3pi
(
−5
3
+
4ξ
(1− ξ)2 −
1− 4ξ + ξ2
(1− ξ)2
1 + ξ
1− ξ ln ξ
)
, (2.71)
where
ξ = −4m
2
`
q2
(
1 +
√
1− 4m2`/q2
)−2
(2.72)
and m` is the mass of the electron, muon or tau lepton, respectively. In the approximation
−q2  m2` , which is usually very good for m` = me, the formula (2.71) reduces to (2.66).
In addition to the leptonic contribution, we also need to consider the hadronic con-
tribution to the vacuum polarization. The total amplitude, Mvac, which includes both
the leptonic and hadronic parts, is expressed through the so-called photon polarization
operator, P(q2), as
Mvac = P(q2)MBorn, (2.73)
which implies
δvac = 2 ReP(q2). (2.74)
The hadronic part of P(q2) is difficult to calculate theoretically, but it can be reliably
extracted from the experimental data for the cross section of the annihilation process
e+e− → hadrons. In our event generator, we use the results of a global analysis carried
out by F. V. Ignatov [47, 48]. Figure 4 shows the different contributions to the vacuum
polarization correction as functions of q2.
We do not assume that −q2  m2 when accounting for the vacuum polarization using
the formula (2.74). However, this approximation has been used in the derivation of the
lepton vertex correction and thus the expressions (2.55) and (2.67) require refinement in
the case when −q2 ≈ m2. Note that in this case the amplitude M`vert is not expressed in
terms of the Born amplitudeMBorn, unlike in formula (2.55). This issue is discussed, for
example, in [49].
Finally, we can refine the expressions for the amplitudesMMTsbox andMMTsxbox describing
the soft parts of the TPE contribution. Maximon and Tjon [33] obtained the following
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Figure 4. Different contributions to the vacuum polarization correction δvac as functions
of q2: the contribution δevac (2.66) from electron–positron loops only (black short-dashed
line), the full leptonic contribution δevac + δ
µ
vac + δ
τ
vac (2.71) (blue long-dashed line), and
the full vacuum polarization correction δvac (2.74) (red solid line).
formulas using a less drastic approximation than that employed by Mo and Tsai:
MMTjbox = z
α
pi
E`
|`| ln
(
E` + |`|
m
)
ln
(−q2
λ2
)
MBorn, (2.75)
MMTjxbox = −z
α
pi
E ′`
|`′| ln
(
E ′` + |`′|
m
)
ln
(−q2
λ2
)
MBorn. (2.76)
The amplitudes (2.75) and (2.76) by Maximon and Tjon, as well as the amplitudes (2.60)
and (2.58) by Mo and Tsai, are infrared-divergent, but the difference
(MMTjbox +MMTjxbox −
MMTsbox −MMTsxbox
)
is finite and gives the following addition to δvirt [14]:
δ′2γ = z
α
pi
[
ln
E`
E ′`
ln
q4
4M2E`E ′`
+ 2 Li2
(
1− M
2E`
)
− 2 Li2
(
1− M
2E ′`
)]
, (2.77)
where the approximation E`, E
′
`  m is assumed and the function Li2 is the dilogarithm
(Spence function) defined as
Li2 (x) = −
x∫
0
ln |1− y|
y
dy. (2.78)
Figure 5 shows the dependence of δ′2γ on ε for two fixed values of the four-momentum
transfer squared (1 and 5 GeV2). It can be seen that δ′2γ has a significant dependence
on ε, so this simple TPE correction already affects the Rosenbluth measurements of the
proton electromagnetic form factors (see [14] for further discussion).
To account for all the additional corrections mentioned, the formula (2.64) should be
modified as
δvirt = δvac + δvert + δ
′
2γ, (2.79)
where δvac is now given by the expression (2.74) and δ
′
2γ is given by (2.77).
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Figure 5. Dependence of δ′2γ on ε for two fixed values of the four-momentum transfer
squared: −q2 = 1 GeV2 (black dashed line) and −q2 = 5 GeV2 (red solid line). Both lines
are shown for the case of electron–proton scattering (z = −1).
3 Radiative corrections in TPE measurements
In this section, we discuss the practical aspects of taking into account the standard ra-
diative corrections for the experiments [19–24] aimed at measuring the hard TPE effects
in elastic lepton–proton scattering. These experiments make a precise comparison be-
tween the elastic electron–proton and positron–proton scattering cross sections, σ(e−p)
and σ(e+p). There are two natural dimensionless combinations of σ(e−p) and σ(e+p) to
quantitatively characterize the difference between these cross sections — the cross section
ratio and asymmetry, R and A, defined as
R =
σ(e+p)
σ(e−p)
, A =
σ(e+p)− σ(e−p)
σ(e+p) + σ(e−p)
, (3.1)
and therefore simply related to each other by
R =
1 + A
1− A, A =
R− 1
R + 1
. (3.2)
For historical reasons, the ratio R is commonly used, though the asymmetry A is more
convenient for analysis because it contains only charge-odd terms in the numerator and
only charge-even terms in the denominator. We will consider both of these quantities.
In the discussed TPE experiments, the numbers of events of elastic e−p and e+p
scattering, N−meas and N
+
meas, are measured under very similar experimental conditions. In
this case, factors such as the acceptances of the detectors, detection efficiencies, target
thicknesses and beam current integrals can be kept almost the same for the cases of
electron–proton and positron–proton scattering, so they do not affect the measured cross
section ratio or asymmetry. Therefore, it is much easier to measure the quantities (3.1)
precisely than to measure the absolute cross sections σ(e−p) and σ(e+p) with the same
relative accuracy.
The ultimate goal of these experiments is to measure the hard TPE contribution,
δ2γ =
2 Re
(M†BornMhard2γ )
|MBorn|2 , (3.3)
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to the cross section (2.2) of elastic lepton–proton scattering in some kinematic region. It
should be recalled that the separation of the amplitude M2γ into soft and hard parts,
Msoft2γ andMhard2γ , is not unique and is thus important to make explicit. For example, the
contribution δ′2γ, given by (2.77), is soft and included in the standard radiative corrections
according to Maximon and Tjon, while in the approach of Mo and Tsai it should be
considered as hard and therefore contained in (3.3).
The quantity δ2γ is charge-odd and depends on the kinematics of elastic scattering.
It can be represented as a function of two independent kinematic variables, for example,
q2 and ε. Precise measurements of δ2γ at several kinematic points will test the available
theoretical calculations and help to understand whether the hard TPE effects explain the
observed discrepancy between the two methods for measuring the ratio GE/GM .
It is important to understand how to express the quantity (3.3) through the measured
numbers N−meas and N
+
meas. In other words, we want to know how to properly take into
account the processes of the lowest order in α giving the standard radiative corrections
in the considered measurements. The procedure for taking into account these corrections
consists of generating events of elastic e−p and e+p scattering and conducting a Monte
Carlo simulation of the detector response to these events using, for example, the Geant4
toolkit. This simulation should accurately reproduce the experimental conditions and
the real procedure of event selection. As the simulation result, we obtain the numbers
of e−p and e+p scattering events, N−sim and N
+
sim, which can also be combined as the
asymmetry Asim.
If we consider only the first-order radiative corrections in accordance with (2.1) and
take into account the parity of each amplitude with respect to z, then we can write the
following expressions for the experimentally measured and simulated asymmetries, Ameas
and Asim:
Ameas =
N+meas −N−meas
N+meas +N
−
meas
= z
2 Re
[M†Born (Msoft2γ +Mhard2γ )]+ 2 Re (M`†bremsMpbrems)
|MBorn|2 + 2 Re
(M†BornMvirt)+ ∣∣M`brems∣∣2 + ∣∣Mpbrems∣∣2 , (3.4)
Asim =
N+sim −N−sim
N+sim +N
−
sim
= z
2 Re
(M†BornMsoft2γ )+ 2 Re (M`†bremsMpbrems)
|MBorn|2 + 2 Re
(M†BornMvirt)+ ∣∣M`brems∣∣2 + ∣∣Mpbrems∣∣2 , (3.5)
whereMvirt =Mvac+M`vert+Mpvert. Taking the difference Ameas−Asim we can reduce the
interference terms due to soft TPE and bremsstrahlung in the numerator, while the de-
nominator remains unchanged. After that, it is easy to see that the desired quantity (3.3)
can be expressed as
δ2γ = z
(
N+meas −N−meas
N+meas +N
−
meas
− N
+
sim −N−sim
N+sim +N
−
sim
)
N+sim +N
−
sim
2N0sim
, (3.6)
where N0sim is the number of events corresponding to the value of |MBorn|2, i.e., in the
absence of any radiative corrections. This number can be obtained in a Monte Carlo simu-
lation using the elastic events generated in accordance with the Rosenbluth formula (2.4).
It is assumed that the numbers of simulated events of all three types correspond to the
same value of integrated luminosity. Let us also note that the factor (N+sim +N
−
sim)/2N
0
sim
can be neglected in many practical cases.
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One may prefer to present the experimental results in the form of TPE ratio or asym-
metry, R2γ or A2γ. The expressions for them directly follow from (2.1), (3.1), and (3.3)
if we assume that only the amplitudes MBorn and Mhard2γ contribute to the cross sections
σ(e−p) and σ(e+p)
R2γ =
1 + zδ2γ
1− zδ2γ , A2γ = zδ2γ. (3.7)
4 Description of the event generator
ESEPP is written in the C++ programming language using some ROOT [50] classes. Its
source code is publicly available on the GitHub repository [45] and can be used as a basis
for future developments. The source distribution of ESEPP includes detailed information
on compiling the code, the input parameters, and the format of output files. In this
section, let us briefly describe the algorithm implemented in the generator.
ESEPP generates events of two types — ‘elastic’ (`±p → `±p) and ‘inelastic’ (`±p →
`±p γ). It is important to understand that first-order bremsstrahlung is taken into account
in both cases, and the separation between these two types of events is based on the energy
of the emitted photon. If this energy does not exceed the cut-off value Ecutγ (which can be
set to, for example, 1 MeV for the experiments of interest), then the scattering process
can be effectively considered as elastic since the experiment can not distinguish it from
the purely elastic process. In this case, it is not necessary to consider such soft photons
in the Monte Carlo simulation, so we can analytically integrate the cross section of the
first-order bremsstrahlung process `±p→ `±p γ over all directions of the emitted photon
and over its energy in the range Eγ < E
cut
γ . Moreover, we can confidently use the primary
soft-photon approximation to perform this integration, because it works well for very low-
energy photons. The procedure of integration is described in section 2.3 and appendix A.
To generate elastic events, we use the formula (2.63), where all virtual-photon radiative
corrections are included and the infrared divergences are canceled out analytically.
Inelastic events can be generated using any one of three different models within the
soft-photon approximation (‘primary’, ‘modified’, and ‘improved’ — discussed in sec-
tion 2.3) or using the accurate QED calculation described in section 2.4. In the latter
case, formula (2.39) is used, a detailed derivation of which is given in appendix B. The
differential cross section (2.39) is expressed through the squared amplitude |Mbrems|2 of
the process `±p → `±p γ, which is given by the formulas (2.40) and (2.45)–(2.53). To
calculate the tensor contractions in (2.45), (2.48), and (2.51) we used the FeynCalc pack-
age [44] for Mathematica. Details of these calculations can be found in [45]. The resulting
formulas are expressed through the scalar products pi · pj of the four-momenta `, `′, p, p′,
and k. We used the cform command to convert these cumbersome expressions obtained
in Mathematica to C++ code. Let us note that we did not neglect the lepton mass in the
derivation of the cross section (2.39) and in the calculation of |Mbrems|2.
We choose as the basic kinematic variables the following: the lepton scattering angle,
the energy of the bremsstrahlung photon, and its polar and azimuthal angles. The fixed
energy of the incident lepton is also assumed to be known. Then, the remaining kinematic
parameters of the final-state particles can be calculated (up to an arbitrary angle of
rotation around the axis defined by the incident lepton) as described in section 2.2. The
expressions given there were also obtained without neglecting the lepton mass.
We have to use definite values of the form factors GE(q
2) and GM(q
2) to calculate
the differential cross section dσBorn/dΩ` and the squared amplitude |Mbrems|2. In the
generator, we have implemented several different models for these form factors, described
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in section 2.1. We also made it possible to use the parametrization (2.12) and set arbitrary
values for the coefficients ai1, bi1, bi2, and bi3. When using the generator, one should be
aware of the possible model dependence of simulation results on the parametrization used
for the proton form factors.
An unweighted event generator, such as ESEPP, randomly generates a certain number
of n-dimensional vectors (where n is the number of basic kinematic variables needed to
completely describe the event kinematics) according to a given probability distribution —
the differential cross section. This procedure is based on the use of a generator of pseu-
dorandom numbers uniformly distributed between 0 and 1. For elastic events, there is
only one basic kinematic variable — the lepton scattering angle, so the probability distri-
bution, described by the formula (2.63), is one-dimensional. In this case, one can simply
use rejection sampling (the acceptance-rejection method) to generate events. However,
in the case of inelastic events, there are n = 4 basic kinematic variables (θ`, Eγ, θγ, and
ϕγ), which form the so-called four-dimensional phase space. The probability distribution
is also four-dimensional and is described by the formulas (2.28) or (2.39). It is obvious
that this distribution has peaks associated with each kinematic variable (for example,
the cross section is usually higher for the lowest scattering angles, for the lowest photon
energies, and when the photon is emitted along either the incident or scattered lepton).
Now, simple rejection sampling becomes very inefficient to generate events.
For this reason, we use mFOAM [51, 52], the general-purpose self-adapting Monte Carlo
event generator and integrator, which is built into the ROOT package [50] as the TFoam
class. mFOAM divides the phase space into many hyper-rectangular cells (‘foam’), which
are more dense around the peaks in the distribution. It allows us to greatly improve the
rejection efficiency for each single cell. mFOAM is also able to numerically integrate a given
(unnormalized) probability distribution over the entire phase space. We use this feature
to calculate the integrated cross sections of the considered processes. It is necessary in
order to determine how many events of each of the four types (`−p→ `−p, `−p→ `−p γ,
`+p→ `+p, and `+p→ `+p γ) we need to generate. The obvious requirement is that the
integrated luminosity (which is the ratio of the number of events to the integrated cross
section) must be the same for each of these processes, while the total number of events is
one of the input parameters specified by a user.
5 Summary
A renewed interest has been recently shown in experiments on unpolarized elastic scatter-
ing of charged leptons on protons. Any such experiment nowadays requires performing a
careful Monte Carlo simulation, which helps to optimize the detector configuration, better
understand the sources of systematic uncertainties of the measurement, and accurately
take into account the radiative corrections to the measured cross sections. To facilitate
these simulations, the ESEPP generator produces unweighted events with the kinematic
parameters of all final-state particles, taking into account the lowest-order QED radiative
corrections to the Rosenbluth cross section without using the common soft-photon or ul-
trarelativistic approximations. The generator can be useful for several significant ongoing
and planned experiments, such as studying TPE effects, measuring the electromagnetic
form factors and charge radius of the proton, and searching for new physics in elastic
lepton–proton scattering. The source code for ESEPP is publicly available and can be used
as a basis for future developments.
The underlying theoretical formulas and calculations for the generator have been de-
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scribed in this paper. The practical aspects of taking into account the standard radiative
corrections in TPE measurements have been specifically discussed. We have also provided
a description of the basic algorithm implemented in the generator.
Our approach to considering first-order bremsstrahlung is the most direct. It combines
analytical and numerical calculations of the cross section of the process `±p→ `±p γ. We
introduce the cut-off energy of bremsstrahlung photons, Ecutγ , which separates the regions
of analytical and numerical integration of the cross section over the phase space. Analyti-
cal integration is necessary in order to properly cancel out the infrared divergences, but it
can only be performed using the soft-photon approximation. We use this approximation
only for the photons with energies below Ecutγ , when its validity is unquestionable. At the
same time, numerical calculation and integration of the cross section allow us to not use
the soft-photon or ultrarelativistic approximations at all. To do this, we use the computer
algebra toolkits, Mathematica and FeynCalc, to calculate the squared amplitude of the
process, and the self-adapting Monte Carlo generator mFOAM to integrate the cross section
numerically and to generate unweighted events.
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Appendix A. Calculation of B
(
pi, pj, E
cut
γ
)
To calculateB
(
pi, pj, E
cut
γ
)
, we need to perform the following integration over all directions
of the bremsstrahlung photon and over its energy in the range Eγ < E
cut
γ
B
(
pi, pj, E
cut
γ
)
=
1
8pi2
∫
Eγ<Ecutγ
d3k
Eγ
pi · pj
(k · pi)(k · pj) . (A.1)
Let us show how to do this within the primary soft-photon approximation (see [34, 53]
also). This approximation assumes that only the four-momentum k varies in the integra-
tion, while the other four-momenta are constant. We also assume that the photon has a
nonzero mass λ and thus its full energy is Eγ =
√|k|2 + λ2. Then, taking into account
that d3k = |k|2d|k| dΩγ, we obtain
B
(
pi, pj, E
cut
γ
)
=
pi · pj
8pi2
√
(Ecutγ )
2−λ2∫
0
|k|2d|k|√|k|2 + λ2
∫
dΩγ
(k · pi)(k · pj) . (A.2)
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Using the Feynman parametrization, we can make the transformation
1
(k · pi)(k · pj) =
1∫
0
dx[
(k · pi)x+ (k · pj)(1− x)
]2 =
1∫
0
dx
(k · px)2
, (A.3)
where the four-momentum px is defined by (2.32). Therefore,∫
dΩγ
(k · pi)(k · pj) =
∫
dΩγ
1∫
0
dx
(k · px)2
= 2pi
pi∫
0
sin θ dθ
1∫
0
dx(
Eγp0x − |k| |px| cos θ
)2
= −2pi
1∫
0
dx
−1∫
1
d(cos θ)(
Eγp0x − |k| |px| cos θ
)2 = 4pi
1∫
0
dx(
Eγp0x
)2 − |k|2|px|2 , (A.4)
where θ is the angle between the vectors k and px. Substituting this expression into (A.2)
and using the identity Eγ =
√|k|2 + λ2, we obtain
B
(
pi, pj, E
cut
γ
)
=
pi · pj
2pi
1∫
0
dx
√
(Ecutγ )
2−λ2∫
0
1√|k|2 + λ2 |k|2d|k||k|2 [(p0x)2 − |px|2]+ (λ p0x)2 . (A.5)
Further, the trigonometric substitution |k| = λ tanψ gives
B
(
pi, pj, E
cut
γ
)
=
pi · pj
2pi
1∫
0
dx
arctan
√
(Ecutγ /λ)
2−1∫
0
sinψ tanψ dψ(
p0x
)2 − |px|2 sin2 ψ. (A.6)
Let us denote the inner integral in (A.6) by the symbol I and consider it separately.
Performing another trigonometric substitution, sinψ = t, we obtain
I =
√
1−(λ/Ecutγ )2∫
0
t2 dt(
1− t2) [(p0x)2 − |px|2 t2] . (A.7)
Then, applying the algebraic decomposition
t2(
1− t2)[(p0x)2 − |px|2 t2]
=
1
2
[(
p0x
)2 − |px|2]
(
p0x
|px| t− p0x
− p
0
x
|px| t+ p0x
− 1
t− 1 +
1
t+ 1
)
, (A.8)
we can find that
I =
1
2
[(
p0x
)2 − |px|2]
(
p0x
|px| ln
∣∣|px| t− p0x∣∣
− p
0
x
|px| ln
∣∣|px| t+ p0x∣∣− ln |t− 1|+ ln |t+ 1|) ∣∣∣∣
√
1−(λ/Ecutγ )2
0
. (A.9)
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Now, using the approximation λ Ecutγ and the fact that
(
p0x
)2 − |px|2 = p2x, we obtain
I =
1
2p2x
(
p0x
|px| ln
p0x − |px|
p0x + |px|
+ ln
4
(
Ecutγ
)2
λ2
)
, (A.10)
which allows us to write the desired expression for B
(
pi, pj, E
cut
γ
)
:
B
(
pi, pj, E
cut
γ
)
=
pi · pj
4pi
1∫
0
dx
p2x
(
ln
4
(
Ecutγ
)2
p2x
+
p0x
|px| ln
p0x − |px|
p0x + |px|
+ ln
p2x
λ2
)
. (A.11)
Appendix B. Derivation of a general expression for the
differential cross section of the process `±p→ `±p γ
The fully-differential cross section for the process `±p→ `±p γ can be written as [46]
dσbrems = (2pi)
4 δ(4)(Pi − Pf ) 1
4I
|Mbrems|2 d
3`′
(2pi)3 2E ′`
d3p′
(2pi)3 2Ep
d3k
(2pi)3 2Eγ
, (B.1)
where
Pi = `+ p, Pf = `
′ + p′ + k, (B.2)
δ(4)(Pi − Pf ) = δ(E` +M − E ′` − Ep − Eγ) δ(3)(`− `′ − p′ − k), (B.3)
I =
√
(` · p)2 −m2M2 = M |`|. (B.4)
Integrating (B.1) with respect to p′ and using the identity d3pi = |pi|Ei dEi dΩi, we
obtain
dσbrems =
1
(4pi)5
δ(E` +M − E ′` − Ep − Eγ)
|Mbrems|2
M |`|
|`′||k|
Ep
dE ′` dEγ dΩ` dΩγ. (B.5)
For the integration with respect to E ′`, we will use the well-known representation of the
delta function of the argument being itself a function of the independent variable x:
δ [f(x)] =
k∑
i=1
δ(x− xi)∣∣df(xi)/dx∣∣ , (B.6)
where f(xi) = 0 and i = 1, 2, . . . , k. In our case,
f(E ′`) = E` +M − E ′` − Eγ −
√
(`− k)2 − 2(`− k) · `′ + E ′`2 −m2 +M2, (B.7)
and the equation f(E ′`) = 0 has at most two roots listed in (2.24). Differentiation of (B.7)
with respect to E ′` gives
df(E ′`)
dE ′`
= −1− E
′
`
Ep
[
1− (`− k) · `
′
|`′|2
]
=
AE ′` −B|`′|
Ep|`′| , (B.8)
where the coefficients A and B are defined by (2.20)–(2.22).
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Finally, substituting (B.6) and (B.8) into (B.5) and integrating the result with respect
to E ′`, we obtain
dσbrems
dEγ dΩγ dΩ`
=
1
(4pi)5
1
M |`|
∑
E′`
Eγ |`′|2 |Mbrems|2∣∣AE ′` −B|`′|∣∣ , (B.9)
where E ′` and |`′| can be expressed in terms of E`, θ`, Eγ, θγ, and ϕγ using (2.24). If
both of the roots (2.24) are physical, one should perform in (B.9) the summation over two
values of E ′`. In the limit when m E`, E ′`, the value of E ′` is unique and given by (2.26),
then the cross section (B.9) can be written as
dσbrems
dEγ dΩγ dΩ`
=
1
(4pi)5
1
M |`|
Eγ
[
M (E` − Eγ)− E`Eγ (1− cos θγ)
][
M + E` (1− cos θ`)− Eγ (1− cosψ)
]2 |Mbrems|2. (B.10)
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